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DECOMPOSABLE TERNARY CUBICS 


JAYDEEP V. CHIPALKATTI 


Cubic forms in three variables are parametrised by points of a projec- 
tive space P®. We study the subvarieties in this space defined by de- 
composable forms. Specifically, we calculate their equivariant minimal 
resolutions and describe their ideals invariant-theoretically. 

AMS subject classification: 14-04, 14L35. 


Let F’ be a nonzero cubic form in variables x1, 2%2,23, written as 
follows: 


F=agri +a, 07% +++: +0925, ag,...,a9 EC. (0.1) 


We identify F with the point [ao,...,a9] € P® and denote the homo- 
geneous coordinate ring of P® with Ciao, ..., a9]. Now consider the set 
of those F’ which factor as a product of a quadratic and a linear form, 
ie., let 


Xg={F ¢P*:F=Q.L for some forms Q, L of degrees 2, 1}. 


This is a projective subvariety of P®. The group SL3(C) acts on P® as 
follows: given a matrix A € SZs3, introduce new variables [x/,, 75, 75] = 
[%1, V2, %3]A, and define aj,..., ag by forcing the identity 


aot? +a, 2202 +--- tages =a acta cia t---ta,c?. 
Then [ao,..-, ao] = [aj,---;@9]. The imbedding Xg C P® is thus 
SL3(C)-equivariant. Hence Iy, < C[ao,...,a9] is a representation of 
SL, and so are all the syzygy modules in the minimal resolution of 
Ix, : 
There are different possible factorisations of F’, leading to five simi- 
larly defined varieties: 


X= = {FeP*: F=FL? fora linear form L}, 
{Fe P?:F=L?L, for some L;}, 
Xn = {FeP?:F=L,L2L3 for some L;}, 
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and the loci Xj, Xy defined as Zariski closures 


Xo = {FeP?: F=Q.L where the conic Q = 0 is smooth and 
tangent to the line L = 0}, 


Xy = {Fe P9: F = [,L5L3 where L; = 0 are concurrent lines} . 
(0.2) 
All the loci are irreducible, and there are inclusions 
x See 


The superscripts indicate dimensions. Consider the following two prob- 
lems: 
(I) calculating the S3-equivariant minimal resolution for each vari- 
ety X, and 
(II) expressing the minimal set of generators of Iy (i.e., the degree 
zero syzygies), in the language of classical invariant theory. 


Problem IJ, in a slightly weaker form, is of classical origin. A priori, 
we are looking for a finite set of concomitants of F’, such that their 
vanishing is a necessary and sufficient condition for F' to lie in X. 
Describing such a set is tantamount to describing [x upto its radical. 

This is an instance of the general philosophy that for a form F’ (of 
any degree in any number of variables), any property which is invari- 
ant under a linear change of variables (e.g., decomposabililty, existence 
of singular points, expressibility as a sum of a specified number of 
powers of linear forms) should be characterisable by the vanishing (or 
non-vanishing) of certain concomitants of F’. Classical literature on 
invariant theory contains a very large number of results along these 
lines-see e.g. [6,, [10, (18, Bil] or the collected papers of Cayley and Cleb- 
sch. Salmon’s book [I9] is an excellent reference for the classical theory 
of plane curves and connections to invariant theory. Its chapter V is 
entirely devoted to ternary cubics. For newer (i.e. post-Hilbert) direc- 
tions in invariant theory, see fl], [14 22]. 

Problem I is a natural generalisation of II, but certainly more mod- 
ern. In this paper we solve problem I, and then interpret the rep- 
resentations corresponding to the ideal generators as concomitants of 
ternary cubics. 
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Some of our varieties have alternate descriptions, e.g., X= is the 
cubic Veronese imbedding of P? and Xy is a rank variety in the sense 
of Porras [I7]. As such, the minimal systems of ideal generators for 
them are known. The standard equations defining the Veronese are 
given in p. 23], but not in invariant-theoretic language. We will 
describe Porras’s deduction of the minimal resolution of Xy in 7. In 
the book referred to above, Salmon deduces sets of equations describing 
the varieties X, and Xg set-theoretically. Our calculations confirm 
that these equations generate the ideal Jy in each case. 

The next section contains background material on representation 
theory. For each of the loci X, we find the ideal [xy and its Betti 
numbers using a machine computation. Then we identify the syzygy 
modules as SL3-representations using the hypercohomology spectral 
sequence, together with algebraic considerations specific to each X. In 
the last section, we write down the concomitants corresponding to the 
ideal generators. 

This paper was inspired by the Weltanschauung of (especially 
§11.3, §13.4), and also by Salmon’s wonderful book [19]. The program 
Macaulay-2 has been of immense help in the computations, and it is a 
pleasure to thank its authors Daniel Grayson and Michael Stillman. I 
thank the referee for helpful observations and Anthony V. Geramita, 
Leslie Roberts and the Queen’s University for financial assistance dur- 
ing the course of this work. 


1. PRELIMINARIES 


The purpose of this section is to establish notation and state the 
working definitions, all of which are phrased in invariant-theoretic terms. 
I have written somewhat expansively, in the hope that the framework 
introduced here may have more general application. 

Let V be a three dimensional C-—vector space. All representations 
considered henceforth are for the group SL(V). (See [fq, B| BO} for the 
theory.) For a pair (m,n) of nonnegative integers, we have the Schur 
module Sininn = Sminn(V), with the convention that S,, = Sno = 
Sym™(V) and S,; = A?V. Note the isomorphismf] S*,.,,., = Sm+njm 
and the formula 


ences sim + A(n+1)(m+n+2), (1.1) 


‘Henceforth ‘=’ means an isomorphism of SL-modules. 
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In the sequel, we frequently need to decompose the tensor product 
Smitnin @ Smo+no,n. and the plethysm S)(Sninn) aS direct sums of 
irreducible representations. The former is governed by the Littlewood- 
Richardson rule and the latter by formulae (A.5), (A.21) in [§, appendix 
A]. This was programmed in Maple by the author Fj 

Let x = {x1, 22,23} be a basis of V*. The identification A?7V* = V 
gives a basis u = {u, U2, u3} of V, where 


Uy = 1% /\ 23, Ug = X13 ix U1, UZ = Vy A Xo. (2) 


If a, appears as the coefficient of rixea? in (D1), redefine a, to be 
ujusu;. Thus a = {do,...,a9} is a basis of S3 and the form F is 
recast as the canonical trace element 
ulurus @ cia?c € S3@ Si. 
41 +12+13=3 
The ring C{ao,...,@9] is identified with the symmetric algebra R = 


@ S¢(S3), and we declare PS} = Proj R to be the ambient space for 
e>0 
all loci under consideration. 


1.1. A Basis for Sii4nn- There is a canonical injection (see [p.233 ff, 
loc.cit.]) 


Sminn —> Sym"(A?V) @ Sym™(V), 
and the right hand side has a basis of monomials 
{oy a te, OU, Uys? ing = iy ay S (1.3) 


Let T’ be a semistandard tableau on numbers 1,2,3 on the Young 
diagram of (m+ n,n). Say the entries in the first (resp. second) 


row are ry S +++ < Ty < 81 < -++ < Sm (resp. ty < --- < ty), 
with r; < % for 1 <1 <n. Let 2,4, denote resp. £1, —%2, 43 if 
(tat) = 2,3), 0,3), 1, 2), and write 


Xp =] [tee @[] us. (1.4) 
i=1 i=1 


(E.g., for the tableau T = [12223]233] on (5,3), Xp = 2273 @ ugu3.) 
Now (ignoring signs) the subset {X; : T semistandard} of ({1.3) is a 
basis for Sin4njn- 

?The ‘Symmetrica’ package and John Stembridge’s ‘SF’ package do this too, but 


I have found that ad-hoc routines for dim V = 3 tend to work faster. Of course the 
issue of speed is more serious for the plethysm. 
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1.2. Concomitants. Let us assume that we have an injective map of 
representations 


hs enema -, Se (S3), 
or equivalently, an imbedding 
Cie (S3) ® Sin-tnyn(= Se (S3) ® Sratnm): 


Let © denote the image of 1, which is a Q—linear combination of mono- 
mials 
9 3 3 
{Ja @ [fa ® [[-" : Lk =2 Um =m, on, =n}. 
i=0 i=1 i=1 
In 19th century terminology (due to Sylvester), ® is called a concomi- 
tant of degree @, order m and class n (for ternary cubics). We indicate 
this by writing ®;,,,,. Of course, there may exist more than one con- 
comitant for given (¢,m,n) (or none at all). A concomitant is called a 
covariant (resp. contravariant) if its class (resp. order) is zero, and an 
invariant if both are zero. Note that the imbedding vy can be recovered 
from ®. 
For instance, the Hessian of a ternary cubic is a covariant of degree 3 
and order 3. The dual of the curve F' = 0 is defined by a contravariant 
of degree 4 and class 6. 


1.3. The Symbolic Method. We will represent concomitants using 
the German symbolic method. A brief explanation follows, but it is 
unlikely to be intelligible without prior acquaintance with the method. 
The notation follows Grace and Young [0], also see {16, Ch. 6] for a 
modern exposition. 

We will use the letters x1, 72,73; U1, U2, U3. In addition, we have an 
indefinite supply of indexed Greek letters a1, a2, a3; 91, B2, G3 etc. Set 


Qy = Q12X%1 + AgX +03x%3 and ditto for 6,,y,z etc. 


Formally write F = a? = 62 =.... That is to say, after expansion, 
emia opay stands for the appropriate coefficient a, in (0.1). The 


symbols (ay), (af u) respectively stand for the determinants 


Q, AQ a3 Q, Ag az3 


By Bo Bs and By Bo Bs 


‘v1 Yo Y3 Uy U2 U3 
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Now for instance, the Hessian is written (a 6 y)?a,8;72. To evaluate 
this, multiply out the expression formally, and substitute the a,’s as 
above. The result, appropriately, is a polynomial of degree 3 each in 
the a,x. As another example, the dual curve mentioned above has 
equation (a8 u)?(ydu)*(ayu)(Bdu) = 0. 

Each concomitant ® 7, has a (non-unique) expression as a sum of 
products of symbols of the form a,,(a@8y),(a8u). In each summand, 
the letters x,u should occur resp. m,n times, along with @ Greek let- 
ters, each occuring exactly thrice. Conversely, every such symbolic 
expression corresponds to a concomitant, unless it vanishes identically 
after substitution. 


1.4. A Spectral Sequence. Let X be any of the loci above. The 
equivariant minimal resolution of its defining ideal Ixy < R, will be 
written 


ac SPP Se SS SG 


with F?=€)M;_,@R(-j+p) forp<0. (1.5) 
j>0 


Letting F? = (F”) = @ M;_» © Opo(—j + p), we have a resolution 
F* -> Tx — 0, for the ideal sheaf. For @ € Z, let F?(€) = F” © Op(f). 
Then we have a second quadrant spectral sequence 


EP’ = HP®, F(e)) forp<0,q>0, 


: : : 1. 
dy: HPT» Eptra-rt+l. pd => HP+4(P9, Tx (£)). oe 


This will be used in conjunction with the standard calculation of co- 
homology of line bundles on projective space (13, Ch. III, Theorem 
5.1]) and Serre duality. 

The bulk of the paper is concerned with the identification of the 
M,-» qua SL3-representations. The ideals and their Betti numbers 
(i.e. dimensions of M;,_,) were calculated in Macaulay-2. 


1.5. Computation of Jy. For illustration, consider the locus Xz. It 
is the image of the projective morphism 


PV* x PV* —> PS3, (In, L2) 3 LiL. 


Let Ly = 61x, + box%q + 6343, Lg = cyX%1 + Co®g + €3%3, where the 
b;,c; are indeterminates. By forcing the equality F = L?L»2, we get 
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polynomial expressions 
Gi. = Op (Oi, Do, b3:C),@,c3) for r= O,...,.9; 


defining a ring map fy : C[ao,...,@9] —>* C[b,...,¢3]. Then Ix, 
equals ker(fz). Its minimal resolution is tabulated as follows: 


0 1 2 38 4 5 6 


3/20 45 36 10 
4} 28 126 225 200 90 18 1 


In the notation of ([[-5), the entry in row j and column —p is dim Mj,_». 
E.g., M3» is 36-dimensional. 

The loci X=, Xa, Xg are images of projective morphisms, respec- 
tively from PV*, (PV*)?, PS} x PV* to PS3; hence a similar procedure 
works for them. That these loci are closed, follows from the fundamen- 


tal theorem of elimination theory. 
In order to find Ix,,, we need the tact-invariant of a conic and a line 


(see [I9, §96]). Let 
Q= qx} cs GoX3 + 93%1X_q + Gat, + G5%2 + G6, L = dix, + box + bg. 


Writing Q.L = F\zs=1), we get expressions a, = (,(q,...,63) as 
before. Let Res = Resultant(Q, LZ; x2), then the x,-values for which 
Res = 0 are the x ,-coordinates of the points Q = L = 0. The con- 
dition that they coincide is T’ = Discriminant(Res,z;) = 0. Then 
the tact-invariant T = pl" . It vanishes iff the line L = 0 is tangent 
to Q = 0. (The extraneous factor appears because when bz = 0, the 
x,-coordinates coincide for any position of Q.) For what it is worth, 
T =4¢2q6b} — 4q2qab1b3 + 4q1d2b3 — 9567 — Aasqebibe + 2qugsbibe + 
2q395b1b3 — qibs — 4q195bab3 + 2q3qab2b3 — q303 “i 4919603. 


Now Ix,, is the kernel of the map 
fo ‘ C[ao, ease , ag] —; Cla, ies ,b3]/(T). 


To calculate Ix,,, let 


Ty = 6124 + bot + b3x3 by by bg 
Ly = 0%, + Co%Q +03%3 and D=|] Cc, C C3 
L3 = dyx1 + doXo + d3x3 dy dy d3 


Then D = 0 is the condition that the lines be concurrent. The y, are 
given by F = L,L2L3, and Ix, is the kernel of 


fy : Clao,..., a9] => C[biss2 2, d3|/(D). 
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1.6. Characters. We write the formal character of S,4 as [Sa5] = Oap- 
Every finite dimensional SLZ3-module U is uniquely expressible as a 
direct sum @(Sq,»,)°"', hence write [U] = > nj Aa,.0;- 

If C* = {C?}, is a bounded complex of finite dimensional SL3— 
representations and S'L-equivariant differentials, then define [C*] = 
>>(-1)? [C?]. By Schur’s lemma, we have 
Pp 


(C*] = 0-1) [?(C")]. (1.7) 


p 


2. ‘THE Locus X= 


The Betti numbers of Iy are 
0 1 2 oC 4 5 6 


2/27 105 189 189 105 27 (2.1) 
3 1 


Now X is the cubic Veronese imbedding of P?, hence arithmetically 
Cohen—Macaulay. Since wx = Ox(—1), it is moreover subcanonical, 


hence arithmetically Gorenstein. Thus the minimal resolution of R/Ix 
is centrally symmetric, i.e., Mo3, Mo4, Mos are respectively dual to 
Mo, Mo, Mp0. 
Consider the diagram 
0 —> H°(Zx(¢)) + HO(P®, Op(t)), > H°(X, Ox(0) 


| | 


Se(S3) —_ S3¢ 
The map 7 is surjective for £ > 0, hence by (1.7), 
[H°(Zx(€))] = [H°(Op(2))] — [H°(Ox(2))]. (2.2) 


Substitute @ = 2,3, and decompose the plethysms involved, then 
[H® (Zx (2))] = 042, [H°(Zx(3))] = 072 + 063 + 033 + o30F] 


Now successively let ¢ = 2,3 in the spectral sequence (1.6). In each 
case, all nonzero terms are in the row gq = 0, so By = Ex. Thus we 
have Moy) = H°(Zx(2)) and an exact sequence 


0 — My, — Ma ®& S3 —> H°(Zx(3)) — 0. 


3 Henceforth the commas are left out. 


4 .. and even here. 
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It follows that Moo = S49 and Mo, = S54 <) S51 <r) S49 <p) So; hereafter 
written Mz, = {54,51, 42,21}. Now Mz, is calculated similarly using 
¢=4. This is the end result: 


Ma = {42}, Mo, = {54, 51, 42, 21}; Moo = {63, 54, 51, 42, 33, 30, Aue 
(2.3) 


and since these are all self-dual, Mo; = Moo, Mo4 = Mo, Mo3 = Mo 
and of course M3, = {00}. 


Problem 2.1. All the syzygy modules in the resolution are self-dual. 
One would like to know if this has any geometric significance and to 
what extent this is true of other Veronese imbeddings. (This is trivially 
true of the rational normal curve, since all SL2-representations are self- 


dual. But it fails for the quadratic imbedding of P? in P°.) 


As far as I know, the problem of describing an equivariant minimal 
resolution for the Veronese variety is open in general. See for some 
results. 


3. THE Locus Xz 


The Betti numbers of Iy are 


(3.1) 
4/28 126 225 200 90 18 1 
We have an exact sequence 
Ss Oe = Oe (322) 


and to use the spectral sequence (1.4), some knowledge of the groups 
H*(P°, Zx(£)) is needed. We proceed in several steps. 


3.1. Step I. Consider the commutative triangle 
PV* 
J. 
5 
where f : (Ly, L2) + L?L2, and 6 is the diagonal imbedding. Then 
image f = Xz, image g = X=. Define an Ops-module Q as the cokernel 


0— Ox, =>; f.Op2,.p2 — O-> 0, (3.0) 
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then supp(Q) = X=. 
Lemma 3.1. There is an isomorphism g*Q = Cig: 
Proor. Let 7 be the ideal sheaf of image(d), thus 
0—-> J — Opeyp2 > 6,0p2 — 0. 


We have a commutative ladder 


0 — ker 1 Ox, : Oe, — i} 
bE 
0 —> fx( FZ) —~> frOpe.p2 —~> 9,Op2 —> 0 
(Since f is a finite morphism, f, is exact.) Since 4 is an isomorphism, 


coker 2 = coker 3, giving a surjection f,(7) 2 Q. By (fL3} p.110)), we 
have an adjoint morphism 7 + f*Q. Now the composite 


PAS 7 45 pO 


is surjective, since f* is right-exact. Hence q’ must be surjective. Ap- 


plying 6*, we get a surjection 0*(7) a g*Q. By definition, Q52 equals 
OUT): 

To show that q” is an isomorphism, it suffices to observe that both 
sheaves have the same Hilbert polynomial. By the Kiinneth formula, 


H°(f,Op2p2 ® Opo(¢)) = H°(P?, Op(20)) @ H°(P?, Op(2)), 
and this combined with (B.1]}),(8.3) gives 9? — 1 as the Hilbert poly- 


nomial of Q. As g*Ops(¢) = Op2(3@), that of g*Q is  — 1. That 
this is also the Hilbert polynomial of (52, can be seen from the Euler 


sequence. The lemma is proved. Oo 


3.2. Step II. The next step is to construct a complex of S3-modules 
with explicitly computable terms, such that the global sections of Zx (¢) 
and Q(f) appear as its cohomology modules. We will use the Borel- 
Weil-Bott theorem several times (see e.g. 5, Theorem 0.1]). 


Let Y be the variety PV* x PV* x PS} with projections ju1, 2, 7 onto 


the successive factors. Consider the diagram 


DV* x PV* t+ y (Dis. Es) — (ilo Aly) 


NE 


Pos 
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and let [ C Y be the image of 7. Then 7(I) = Xx (henceforth written 
X). We will derive a Koszul resolution of Op. Define a vector bundle 
A= jt; Ope (2) &) [Op (1) &) 1*Tps(—1) 
on Y. If y = (14, Le, F) be a point of Y, then the fibre of A over y is 
the 9-dimensional vector space 
(L1)* ® (L2)* ® S3/(F). 

Here (L?) C S3 is the one dimensional space generated by L?, etc. 

By the Kiinneth formula, H°(Y,A) = Sy @ S; @ S}. The multipli- 


cation map Sj ® Sj — S3 corresponds to a distinguished section € in 
H°(Y, A). 
Lemma 3.2. The zero scheme of € is T. 

PROOF. ‘To say that € vanishes at y, is to say that the element 
LiL, + (F) € S3/(F) is zero. This happens iff y € T. Oo 

Now codim(l,Y) = rankA = 9, hence the Koszul complex of € 
resolves T°. 

OAs scp At aor Bre. Og On 0: 

for -9<p<0. 
(3.4) 


Consider the hypercohomology spectral sequence 


EP —Rn,(A-PA*), dy : EP — Eptra-r+, 


Feta > RPt47, (Or) for -9<p<0,q>0. (35) 
Now 
NPA* = [1 Op2(2p) ® 30p2(p) @ "Ops (—P); 
hence 
Rim,(A PA’) = { BD H'(P?, Op2(2p)) @ H?(P?, Op2(p))} @ Op? (—p). 


i+j=4a 
Apart from Ej’ = Ops, all nonzero terms are concentrated in the 
row g = 4 and columns —9 < p < —3. Using Serre duality, 
E?® = H?(P°, Op2(2p)) @ H?(P?, Ope(p)) @ Q-*(—p) 
= 5" apts) ® S-ppa) 8 2P(—p). 


(3.6) 


Define a complex G* by G? = E?", with d, as the differential. It lives 
in the range —9 < p< —3. 
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Proposition 3.3. The cohomology of G* equals 


Ix ifp=—5, 
WG )(= ES )=1Q ifp=-4, 


0 otherwise. 


PRooF. Clearly Ep = --- = Es and Fg = Eq. Since alr is 
a finite morphism, R='7,O0p = 0. Hence for p 4 —5,—4, we have 
E?* = Ee4 = 0. Consider the extension 


Oho 34,07 3 8," 4 6. 


The term E,’° is the image of the natural map E}:°(= Ops) + 7,Op, 
which is Ox. Hence 
E;°* = ker (Opp + Ox) =x, 
Ex** = coker (Ox + 1,Op) = Q. 
Oo 
For £ € Z, write G°(€) = G* ®Ops(¢). All further calculation revolves 
around the hypercohomology of G*(/). There are two second quadrant 
spectral sequences 


ER" = HY(P,GP(0), dp ER! 9 BPHIrtt, (3.7) 
EE = HP HG"), dee Et Pa (3.8) 


with F241, ‘EP: => HPt4(G*(e)). If ¢ is clear from the context, we write 
HY for H’(G*(é)). Henceforth a symbol such as EP’ refers to (8.7), and 


not to (B.5). 
3.3. Step III: Analysis of (B.7)). The terms 
ERT = S* (9543) © S* (p13) @ H4(P?, Nps (L — p)) (3.9) 


and ‘Ey! = H4(P®, Q(é)) are evaluated by appealing to the Borel- 
Weil-Bott theorem. The result is as follows: 


1. Assume @ > 0, and let A = (¢,1,...,1). Then 
——’ 

—p times 

S)(S3) for q= 0, 

0 for.qg #0, 


Moreover H4(Q()) is Sse_11 for g = 0 and 0 if g £0. 


HQ? — p)) = 
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2. Assume —9 < < —1. Then 
C f = (¢,-£ 
0 otherwise. 

Moreover H4%(Q(£)) is S_(3e41),-(3e+2) if ¢ = 2 and 0 if q F 2. 
Other values of @ are not difficult to analyse, but we will not need them. 
One can now decompose (B.9) into irreducible pieces using plethysms 
and the Littlewood-Richardson rule. 


3.4. Step IV: Analysis of (B.8])) and H*. The term ‘E5 can be 
nonzero only for p = —5,—4, so ‘E3 = 'E,. By its construction, the 
differential ‘dz is a composite of two connecting maps 


H1(Q(0)) “ Ht(Ox(Q) “ HM (Lx(0) 
coming from sequences (8.3),(B.3). 
1. Assume ¢ > 0, then the groups 
H="(f,Op2,p2 @ Ops(€)), H=*(Ops(£)) 


vanish. Hence ag is surjective for gq = 0 and an isomorphism for 


q > 1, whereas 6, is always an isomorphism. Hence ‘£3 = 0 
unless (p,q) = (—5, 0), (—5,1) or (—4,0). Then 


HP EY = ee = A), (3.10) 


and there is an extension 
0 ‘63°’ = H+ = E;*° 5 0. (3.11) 
In fact ‘Ey°' = 'E;”' = H'(Zx(@)) and ‘Ez *” is the kernel of the 
map H(Q(0)) + H2(Zx(0)). 
The terms EL?" are nonzero only for gq = 0, so Ey = FE, and 
H®=£;°°, H4*=£;*°. 
2. Now assume —9 < ¢ < —1, then the maps ay, 3, are bijective for 
0<q< 2. The only nonzero joe term is at g = 2, hence 
H*(Zx(0)) = H?(Q(£)) = S_eesrt),-(3e42)- (3.12) 


If € = —2,—1, then each EF?’ term is zero, hence H!® is identically 
zero. If £< —3, then E?’’ is nonzero exactly when (p,q) = (¢, —2). 
In that case, we have 


H? = S* (9¢13) @ S* (e413); W=0 ifj #0. (3.13) 


The preparations are over, and the computation proper may begin. 
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3.5. Step V. The procedure is to use formula ({L.7]) on complexes 
{EP}, and {E?}, coming from the rows of (6) and (6-7). As ex- 
plained earlier, if @ > 0, then [E}| can be calculated explicitly using 
plethysms followed by the L-R rule. 

Since M39 is a 20-dimensional summand of 53(S3), it is necessarily 
{33, 30}. Let 2 = 4, then 


[H~*] _— [H-°| = teal = O11 — (C66 + 063 + O69 + 051 + O42 + O00): 
(3.14) 


(This is a heavy Maple computation.) The only nonzero terms in ([L.6)) 
are EY}? and Ey, . Hence Hi(Zx(4)) = 0 for j #0 and 


[H°(Zx(4))] = [Mao ® (Mp @ $3)] — [Msi]. (3.15) 
From (8.10) and (B.1)), 
[H~°) = [H°(Zx(4))], [H-*) = [H°(Q(4))] = ou. (3.16) 


From [M39] = 033 + 030, the value of [M39 ® $3] is known by the L-R 
rule. From (B.14)-(B.16), we have 
[Mao] — [Mai] = o66 — (042 + 033 + 021). 


Since dim Myy = 28, this forces Mio = {66} and M3; = {42, 33, 21}. 
Now let ¢ = 5. Then (by an even heavier computation) 


[H~“] — [H-°] = [Er] = 0141 — (J96 + 093 + O99 + O81 + 075 + 


2072 + 063 + O54 + O51 + 033 + O30). 
(3.17) 


From (1.6), we deduce that Zx(5) has no higher cohomology and 
[H°(Zx(5))] = [EY] - [Bp] + [Er] = 
[M39 ® S2(53)] + [Mao ® S3] — [M31 @ $3] — [Mai] + [M32]. 
As before 
[H~°] = [H°(Zx(5))], [HI “] = [H°(Q(5))] = onan. (3.19) 
Combining (B.17)-(B.19), we have a relation 
[M32] + (075 + O54 + 033) = [Mai] + (042 + 921 + 900), 


which implies Mgz = {42, 21,00} and My, = {75, 54,33}. Evidently we 
could continue the procedure with larger and larger @, and calculate all 


(3.18) 


the M;,_,. Alternately, we can twist by a negative 0 and work our way 
from the other end of the resolution. 
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For instance, let € = —1. The only nontrivial map in (1.6) is 
“69 a ae 
Ey = op > Le, Mag ®& 53 =, Mgs. 


It has kernel H?(Zx(—1)) = H'(Q(—1)) = 0, and cokernel H*(Zx(—1)) = 
H?(Q(—1)) = So,. Hence 


oo, = [Mas] — [Mae © 55]. 


Substituting Mig = {00}, we have Mg = {33,21}. Now let = —2 to 
calculate Mjy,4, etc. These are the fruits of our labour: 


May = {33, 30}, M3, = {42, 33, 21}, 
M32 = {42, 21, 00}, M33 = {30}, 
Mao = {66}, Ma, = {75, 04, 3a}, 


Mig = (75, 63, 54, 42, 33,21}, My3 = {66, 63, 54, 42, 42, 30, 21, 00}, 
Mus = {54, 42, 33, 30,21}, Mas = {33,21}, 
Mag = {00}. 

(3.20) 


Scholium 3.4. Jn principle, we can work with negative ¢ throughout 
and bypass steps II-IV altogether. I see two reasons dictating against 
this. Firstly, the procedure becomes impractical as we move right- 
wards in the resolution. (For instance, in order to reach Myo, we need 
to set € = —6 and then calculate M4; ® S5(S3) amongst other things.) 
Secondly, (and what is more to the point) I believe that the construc- 
tion used here is of interest not confined to this example. In ff], it 
was used on varieties defined by binary forms having roots of specified 
multiplicities. 


4. THE Locus Xa 


0 1 2 3 4 5 6 7 8 


4}35 119 210 252 210 120 45 10 1 (4.1) 


The symmetric group 63 acts on (PV*)? by permuting the factors, 
and X, is the categorial quotient (PV*)?/G3. Hence for ¢ > 0, the 
group H°(Ox(£)) is the G3-invariant part of 


(H°(PV*, Op(£)))** = (Se), 
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which is $3(S,). By the same argument, H/(Ox(¢)) =0 for @ € Z,0 < 
j < 6; and H°(Ox(£)) = S3(S*(p,3)) for 6 < —3. Now we have identi- 
fications 

0 —> H°(Zxy(£)) — H°(P®, Op(€)) —> H°(X,Ox(é)) 


| | 


S,(S3) —+ $3(S,) 


If ¢ > 3, then in (1.6) we have E?’ = 0 for g > 0, so H'(Zx(¢)) = 0. 
Thus ¥ is surjective for @ > 3. (This is a rather special instance of 
Foulkes’s conjecture-see e.g. p.141].) Now formula (2.2) holds, 
and the calculation proceeds as in that case. This gets tedious for high 
values of @, but one can bypass it by calculating from the other end of 
the resolution. 

For example, let = 1. The only nontrivial map in ({1.6) is 


BO Soh fe, Mao H?(Op(11))—4 ae. 


Since Hi(P®,Zx(1)) = 0 for 7 = 1,2, this map is an isomorphism. 
Hence My7 = {33}. Now let ¢ = 0 and calculate Mig, etc. The outcome 
is 


May = {51}, Ma, = {63, 60,42}, Mao = {72, 66, 63, 42, 30}, 
Miz = {75, 72, 54, 51, 33, 30}, Mag = {75, 63, 60, 42, 33}, 
Mas = {66, 63, 42,00}, Mag = {54,30}, Maz = {33}, 

Mag = {00}, Ms = {00}. 


In [£9, §226], Salmon gives a system of forty-five equations each of 
degree 4 in the a, which is satisfied iff the cubic F’ breaks up into three 
lines. Thus the system generates an ideal J such that VJ = Ixy. His 
construction is natural with respect to the SL3-action, hence (J)4 C 
Myo is a subrepresentation. Since Myo is irreducible, J = Ix. It follows 
that there are ten dependencies in his system, something which is not 
a priori evident. 


(4.2) 


Problem 4.1. 1. The resolution shows some measure of duality, 
viz., Ma = My,,Ma @C = Mi, Mag = Miz. There ought 
to be a theoretical explanation. 

2. It follows from simple degree considerations that Mj) must be 
identical to the set of Brill’s equations ([P} p.139 ff]). It would be 
worthwhile to check this by direct calculation. 


The next two computations are less conceptual that the preceding 
ones, in that they rely upon incidental features of the resolution. 
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5. THE LOCUS Xg 


0 1 23 
8]35 70 45 8 (5.1) 
9 i 


We decompose $'g(S3) and look for a 35-dimensional subrepresenta- 
tion. The only possibilities for Mgo are found to be {51} or {54}. In 
fact, it turns out that Mgy = {54}. Let us grant this for the moment 
and postpone the justification to §8.4. 

Substitute @ = 9 in (6). The only nontrivial map Ey, '” ay Ey 
i.e., Mg; > Mgp ® S3, is necessarily injective. On dimensional grounds 
Magi = {54, 42,21}. Now H®(Ox) = 0 (this was verified in Macaulay- 
2), hence H’(Zx) = 0. But from (1.4), this group is the cokernel of the 
map 


(M3 ®& 53) @ (53) —> Mgp. 


Since S(.533) = {66, 42}, it cannot by itself contribute a 45-dimensional 
summand. But then Mg3 = {21} is forced. Now the only possibilities 
for Mg are {54,33}, {42, 33,21}. Since the resolution is minimal, the 
map Mo3 ® R(—12) —>+ Mge ® R(—10) is nonzero. Hence Mg2 ® Rz = 
Mg2 ® S2(.S3) must contain a trivial summand. This rules out {54, 33}, 
so Mg = {42, 33,21}. In sum, 


Msgo = {54}, Msg, = {54, AD 21}. Mg. a {42, 33, 21}, 


Mg3 = {21}, Mo3 = {00}. (5.2) 


In [19, §240], Salmon gives a system of equations each of degree 8 
in the a, which is satisfied iff the cubic F is factorisable. Using an 
argument similar to the case X,q, it follows that his system generates 
vom 
Problem 5.1. Define Q = coker (Ox, — f,Opssxpy~) as in the case 
of Xz. It would be of interest to calculate it explicitly along the lines 
of lemma or even to calculate the groups H*(Q(£)). Once this is 
done, there is no difficulty in adapting steps II-V to Xg. 
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6. THE Locus Xo 


(6.1) 


Now Miy = {00} and H°(Zx(5)) = (May ® 33) @ Mso is a 20- 
dimensional module inside H°(Op(5)) = Ss5(S3). Decomposing the 
latter, on dimensional grounds the module can only be {33,30}. So 
M59 = {33}. 

Now Ms; is asummand of (M49 @R2)®(Ms9@ Rj), so it must be {21}. 
Since Mg, is a summand of (My @ R3) 6 (Msp ® Ra), it is either {33} or 
{30}, we do not yet know which. Decompose (Mg) ® Ri) 6 (Msi ® Re) 
for each of the possibilities, and one sees that Mz is necessarily {21}. 

It remains to determine Mg. Since X is 6-dimensional, H*(Zx(—3)) = 
0. Substituting 0 = —3 in (L.6), this group appears as the cokernel of 


Meo &) re aa dlc Op(—11)) ==; Mei. 


The only 10-dimensional summand of {21} © {33} is {33}, so Mg, = 
{33}. Thus 


May = {00}, Msp = {33}, Ms, = {21}, Mer = {33}, Meo = {21}. 
(6.2) 


Problem 6.1. Without recourse to a machine computation, show that 
XQ is arithmetically Cohen—Macaulay. (This will probably involve the 
theory of complete conics.) 


7. THE Locus Xy 


0 1 2 3 


3/20 45 36 10 on) 


This is a rank variety in the sense of Porras |[l’7], and its resolution 
is deduced there (Prop. 4.2.3). We summarise the solution. 
A subspace W of V* gives an inclusion P(S3W) C P(.S3V*). Then 


Xy ={F : F € P(S3W) for some proper subspace W }. 
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(This is so, because the L; define concurrent lines iff they fail to span 
V*.) The multiplication Sp @ S; —> S3 gives a map of vector bundles 


a: Sy @ Op(—1) —> V* @ Op 
B 


on PS}. Then X coincides (as a scheme) with the degeneracy locus 
{rank a < 2}, and the Eagon—Northcott complex of a resolves its struc- 
ture sheaf. 


0 A°B@ $3 3 A°B® So > A*B® S1 > A°B > Ops > Ox, > 0. 
Now AJB = A/S_ ® Op(—J), and after decomposing these further 


Ms = {as 30}, M31 = {42, 33, Dh, M39 = {42, 21, 00}, M33 = {30}. 
(7.2) 


8. IDEAL GENERATORS AND CONCOMITANTS 


Let X be any of the loci above. For @ > 1, we have an exact sequence 
(Ix )e-1 ® 53 = Se(S3) ma Us —> 0. 


The module Mo consists of degree ¢ primitive generators for Ix, as 
such it is a submodule of Uy. Let Sminn C Meo be a direct summand. 
By choosing an equivariant splitting of ge, we may write Sirinn C 
Se(.$3). Then by §1.9, to specify this inclusion is to specify a concomi- 
tant Op mn- 

It turns out that in every case under consideration, there is only one 
copy Of Sintn.n inside S:(S3), hence the inclusion is independent of the 
choice of the splitting }] Thus it is enough to produce some symbolic 
expression of type (¢,m,n) (by trial and error), and to verify that it 
does not vanish identically after substitution. Then it must be the 
Op mn that we are looking for. Besides doing this, in each case I have 
verified by direct computation (in Macaulay-2) that ® vanishes on X. 
Although logically superfluous, this is a very useful check against the 
propagation of error. 


°There is no difficulty in adapting to the case when this is not so. 
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8.1. Case X=. Corresponding to Mo = {42}, we need a concomitant 
of type (2,2,2). The only legal symbolic expression is 


D202 = (aB u)? Oe By. 
To recapitulate, let T),..., 77 be the semistandard tableaux on (4, 2) 
27 
(see §1.1]) and write ®y92 = > f;@X7,. (A priori, after expansion ® will 


contain nonstandard monomials such as 7?u ,u3. These can be rewritten 
as linear combinations of the Xp using the straightening law—see [[7, 
§8.1].) Then Iy = (fi,..., fo7). This can be rephrased as a criterion: 

A ternary cubic F can be written as the cube of a linear form iff the 
concomitant (a Bu)? ay 8, vanishes on F. There is a similar claim for 
each X. 


8.2. Case Xx. 


M39 +—+ 303 = (aBy)(aBu)(ayu)(Gyu), 2330 = (a B-Y)*ax Ba Ve: 


These are respectively the Cayleyan and the Hessian of F' (see [19, 
§218,219}). 


May +> 196 = (a Bu)*(y du) (adu)(B yu). 
8.3. Case Xa. 
May +> P41 = (a By) (a0) (a Bu) Bureoe. 


8.4. Case Xz. We are yet to prove that Mgo is {54} and not {51}. 
There is a well known invariant of ternary cubics in degree 4, namely 
the Aronhold invariant (see 20, p. 167]) 


Poo = (a By)(a Bd)(~7d)(8 9). 


Decomposing Sg(S3), one sees that it houses exactly one copy each of 
S51, 554. Hence there is one concomitant each of type (8, 4,1), (8, 1, 4). 
Now gq; is necessarily equal to the product ®4g99®441. Since Ix, has 
no generators in degree 4, none of the factors can vanish on Xg. Hence 
Mgo # {51}. Thus 


Mgp + ®g14 = az(a B-y)(a B5)(By6)(yCu)(deu)(dnu)(edu)(Cnd)’. 


It is quite easy to concoct symbolic expressions of type (8,1,4), but 
most will vanish identically after expansion. It cost the author a week’s 
labour to find one which does not. 
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8.5. Case X O- 


My +> ®499 (as written above). 


Msp + ®503 = (a BY) (a8 6) (Bye) (ayu) (deu)”. 
8.6. Case Xy. 
M39 +— > ©3903, 330 (as written above). 


In fact, the Hessian vanishes identically iff the Cayleyan does. (This is 
an easy deduction from the formulae in [pJ.) Hence either one defines 
the locus set-theoretically. Also see [I6, p. 234] for a discussion of the 
Gordan—Nother theorem. 


Scholium 8.1. The symbolic method can be used for describing the 
higher syzygies as well. We will give an illustration of this idea but will 
not attempt any systematic treatment. Consider the resolution of X=, 
in particular the submodule S54 C M5,. Keep the notation of $B. I], We 
have the differential 


S54 ® Op(—3) & S42 ® Op(—2), 
or equivalently, a map 
Op —> S42 ® S51 ® Op(1), 
or equivalently, an element 
WU € H°(P®, Suz ® S51 @ Op(1)) = Saz ® S51 @ S3. 


We would like to represent YW symbolically. Let y = {y1, y2,y3} be 
‘copies’ of the variables {x1, 22,23}, and ditto for v= {U1, V2, V3} an- 
swering to {wu}, U2,u3}. Let Ty,...,135 be the semistandard tableaux 
on numbers 1,2,3 on the Young diagram of (5,1). Exactly as in §1.1} 
Yr, will denote a monomial in the y,u corresponding to T;. Write 
Ay = A1Y1 + AQY2 + A3Y3, Vz = UIT + VeL2 + U3@3, and 


Qa, Ag AZ 
(auv) =| Uy U2 U3 
Uy V2 V3 
A calculation (which we suppress) shows that V = (auv)?a,v2. That 
is to say, after expanding the product and substituting, we can write 


357 
v= ae (So his @ X7,) @Yr,, 
j=l i=l 


22 JAYDEEP V. CHIPALKATTI 


where h,;; are linear forms in the a. Let 4; be the sum in the paren- 
theses multiplying Y;,. Then ©; represents a linear syzygy between 


27 
the ideal generators f;, namely 5° hj; f; = 0. This accounts for the 35 


i=1 
syzygies corresponding to the summand S54 C Mo, and of course other 
summands are given by other symbolic expressions. In fact 


S51 -> O,02 Ug Ue, S42 -—> (AUV)AgAyUzly, S21 (auv)arty. 


The complete system of concomitants for a ternary cubic is given by 
Cayley [B]. I enclose a table collating our notation with his. 


P09 =) (no.4), ©3093 =P (no.5), ©339 =H (no.12), 
P06 =f (no.17), Pyyy = J (no.19), P99 = 5 (no.1), 
Pgi4 = 7 (no.27), @503 _ Q (no.16). 


Scholium 8.2. The invariant S is ubiquitous in the geometry of plane 
cubics, it is essentially the same as the Eisenstein series gz. There is a 
sextic invariant (also called T’) 


D600 = (ab y)(aBd\(Bye)(ayo)(6€¢)?, 


which is g3 in a different guise. The discriminant A of F' is a linear 
combination of S? and T? (the coefficients depend on one’s normalisa- 
tion). Now A = 0 is the closure of the locus of nodal cubics. The locus 
of cuspidal cubics is the complete intersection S = T = 0. (See [19, 
§224].) 


Several geometric theorems about the Cayleyan can be found in 
(where it is called the Pippian). The invariant S vanishes on a smooth 
cubic curve iff the latter is projectively isomorphic to the Fermat cubic 
x} + 73 + 3 = 0. Such cubics are called anharmonic. See [6] for some 
beautiful results in this vein. 
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